Abstract. In the previous article, we have constructed the 2-category S of finite sets with variable finite group actions, in which 2-coproducts and 2-fibered products exist. As shown in it, biset functors can be regarded as a special class of Mackey functors on S.
Introduction and Preliminaries
In the previous article [6] , we have constructed the 2-category S of finite sets with variable finite group actions. This 2-category admits finite 2-coproducts and 2-fibered products, which enable us to define the category Mack (S) of Mackey functors on S. As shown in [6] , biset functors defined by Bouc ([2] ) can be regarded as a special class of these Mackey functors.
In this article, we equip S with a system of adjoint triplets, which satisfies properties analogous to the defining conditions for derivators. This system encodes the six operations for finite sets with finite group actions, namely, induction, restriction, inflation, multiplicative induction, taking orbits and invariant parts (Example 5.1). for any x ∈ X. If there is a group homomorphism f such that θ x = f (∀x ∈ X), then we denote If we are given a sequence of 2-cells
(2) For a 2-cell
Horizontal composition is denoted by "•", while "·" denotes vertical composition. For example, for any diagram
The next remark follows immediately from Remark 2.18 and Corollary 3.5 in [6] . From this reason, in the later argument, we simply call it an equivalence. Definition 1.6. Let ι : H ֒→ G be a monomorphism of groups. For any X ∈ Ob( H set), we define Ind ι X ∈ Ob( G set) by
where the equivalence relation ∼ is defined by -(ξ, x) and (ξ ′ , x ′ ) in G × X are equivalent if there exists h ∈ H satisfying ξ = ξ ′ ι(h), x ′ = hx.
We denote the equivalence class of (ξ, x) by [ξ, x] ∈ Ind ι X. The G-action on Ind ι X is defined by g[ξ, x] = [gξ, x] for any g ∈ G and [ξ, x] ∈ Ind ι X.
The following has been shown in [6] . Proposition 1.7. Let ι : H ֒→ G be a monomorphism of groups. For any X ∈ Ob( H set), if we define a map υ : X → Ind ι X by υ(x) = [e, x] (∀x ∈ X), then the 1-cell υ ι : X H → Ind ι X G becomes an equivalence. We call this an Ind-equivalence. Definition 1.8. Let C be a strict 2-category with invertible 2-cells. For any pair of 0-cells A 1 and A 2 in C, their 2-coproduct (A 1 ∐A 2 , ι 1 , ι 2 ) is defined to be a triplet of 0-cell A 1 ∐ A 2 and 1-cells
satisfying the following conditions.
(i) For any 0-cell X and 1-cells f i :
, namely, the following diagram of 2-cells is commutative for i = 1, 2. 
which satisfies the following conditions.
, namely making the following diagram of 2-cells commutative.
. 2-coproducts and 2-fibered products are uniquely determined up to an equivalence.
Existence of 2-coproducts and 2-fibered products in S are shown in [6] , as in the following propositions. 
by ι (G) and ι (H) respectively, and denote the natural maps
gives a 2-coproduct of 
}, and put
-define a 2-cell κ :
gives a 2-fibered product in S.
Thus the 2-category S has the following.
-Initial 0-cell ∅ = ∅ e , and terminal 0-cell 1 e . Here e denotes the trivial group. -Any binary 2-coproduct. -Any 2-fibered product. (
G , becomes functorial (Definition 6.7, Corollary 6.8).
} is the usual fibered product of sets.
(
G set /X agrees with the usual pullback functor 
Proof. Remark that we have a 2-fibered product
and define a 2-cell ε :
Then the diagram The following immediately follows from the universality of 2-fibered products.
Corollary 2.5. For any 1-cell
(1) If ε :
which is in fact an isomorphism because of the invertibility of ε. Explicitly, this is given by
K is a sequence of 1-cells in S, then there is a naturally defined isomorphism
. These are given in a natural way, resulting a bifunctor B : S op → CAT.
3. Left adjoint of (
We construct a left adjoint of ( 
is given by the composition functor
θ ′′ are SIm-factorizations, and a, a ′ , f are given by
Using this, we define
for any object (A, a) and morphism f in G set /X. 
Proof. It suffices to construct a natural bijection
The equality p X • Φ(ψ) = a is trivially satisfied.
where
which shows the well-definedness of Ψ(ϕ).
, and thus Ψ(Φ(ψ)) = ψ.
Confirmation of Φ
for any a ∈ A, and thus Φ(Ψ(ϕ)) = ϕ.
Proof. By Proposition 2.4, for any (B, b) ∈ Ob( G set /Y ), the diagram (2.1) is a 2-fibered product. As in Proposition 1.13, stab-surjectivity of 
compatible with (α • p X ) and b. The construction of Ψ given in the proof of Proposition 3.5 shows
We construct a right adjoint of (
is the set of pairs (y, σ) of y ∈ Y and a map σ : α −1 (y) → A which makes the following diagram commutative.
where g σ is defined by on G.
Remark 4.3. Let α θ , (A, a) and a ∈ A be as above. For any g, g ′ ∈ G, the following holds.
(1) This equivalence relation depends only on the acting part θ. In particular we have g ≡
when there is no confusion.
we obtain a following commutative diagram 
Remark 4.7. By Remark 3.4 and 4.3, we have ( (namely, the full subcategory of G set/X consisting of objects isomorphic to objects of the form (A, a) θ for some (A, a) ∈ Ob( G set/X)) by F ⊆ G set/X, then the following holds.
(1) An object (A, a) ∈ Ob( G set/X) belongs to F if and only if the subset
Proof.
(1) follows from the idempotency of (−) θ . (2) Let (A, a) ∈ Ob( G set/X) and (A ′ , a ′ ) ∈ Ob(F ) be any pair of objects. A natural bijection
exists, since we have * : H set/Y → G set/X factors through F . Namely, we have (
are mutually quasi-inverses.
(1) By definition, we have (
(2) By Corollary 3.6, we have (
By the construction of Φ in the proof of Proposition 3.5, the unit is given by the G-map ω :
at (A, a) θ . It suffices to give its inverse map. For any (
stab-surjectivity of α θ and the condition α(x) = η α(a(a)) imply the existence of an element g ∈ G satisfying (4.1)
x = ga(a) and η = θ a(a) (g).
If we put ̟(x, [η, a]) = ga, this gives a well-defined map
It can be easily verified that ̟ is inverse to ω. 
Proof. Remark that we have natural isomorphisms
and the adjointness α * ⊣ α • . Thus replacing . Assume α θ is stab-surjective. In this case, since α * is a categorical equivalence, it follows α + ∼ = α • . If we denote the inclusion F ֒→ G set /X by j, then by Lemma 4.8 and 4.9, we have the following sequence of adjoint pairs.
Six operations
So far, we have associated an adjoint triplet
. By the decomposition into orbits and SIm-factorizations, we see any 1-cell in S can be constructed from the following two typical types of morphisms (up to equivalences), by using unions and compositions.
[I] For a subgroup H ≤ G, the unique map p :
If we compose this with the Ind-equivalence 
Thus (5.1) recovers the following six operations (cf. [9] ) for finite groups. 
We may assume (
Functor Orb.
By Remark 3.4, the functor (
where (ξN, a) and (ξ ′ N, a ′ ) in (G/N ) × A are equivalent if and only if there exists g ∈ G satisfying ξgN = ξ ′ N text a ′ = ga.
Thus we have a G/N -isomorphism
which gives a natural isomorphism Orb
Functor Inv. For any A ∈ Ob( G set), we have
Applying S 1 q to A N simply means that we regard A N as a G/N -set. This induces a natural isomorphism Inv
Derivator-like properties and associated semi-Mackey functors
As in [7] , a derivator is a strict 2-functor D : Cat op → CAT satisfying conditions (Der1),. . .,(Der4), from the 2-category of small categories Cat. (For the detail, see [7] .) In this section, we show that the bifunctor B : S op → CAT satisfies properties analogous to them, when Cat is replaced by S.
In the following, we recall conditions (Der1),. . .,(Der4) from [7] one by one, and consider their analogs. Let D : Cat op → CAT be a strict 2-functor (i.e. a prederivator ( [7] )). For any 1-cell u : J → K in Cat, denote D(u) by u * . Condition (Der 1) is as follows. [7] .) D sends coproducts to products. Namely, for any pair of 0-cells J 1 , J 2 in Cat, if we take their coproduct
Condition 1. ((Der 1) in
is an equivalence of categories.
Its analog for B is the following. Proposition 6.1. B sends 2-coproducts to products. Namely, for any pair of 0-cells
Proof. As in Proposition 1.10, a 2-coproduct of
Remark that in Cat, the one-object category 1 is terminal. Moreover, for any 0-cell K in Cat, there is a one-to-one correspondence between objects k ∈ Ob(K) and functors i k : 1 → K which sends the unique object in 1 to k. Condition (Der 2) can be stated as follows. [7] .) Let K be any 0-cell in Cat. For any morphism f : A → A ′ in D(K), the following are equivalent.
Condition 2. ((Der 2) in
Its analog for B is the following.
in B( X G ) = G set/X, the following are equivalent.
e. a bijection of sets) for any x ∈ X.
Proof. This is trivial. [7] .) For any 1-cell u : J → K in Cat, there is an adjoint triplet u * ⊣ u * ⊣ u ! , where u * = D(u).
Condition (Der 3) is as follows.

Condition 3. ((Der 3) in
Its analog for B is the following. In [7] , condition (Der4) is written as follows (Proposition 1.26 in [7] ). For any pair of functors J 1 u1 −→ K u2 ←− J 2 , let (u 1 /u 2 ) be the category defined by the following.
. Composition is naturally induced from those in J 1 and J 2 . Projection functors pr 1 : (u 1 /u 2 ) → J 1 and pr 2 : (u 1 /u 2 ) → J 2 are naturally defined, which send (j 1 , j 2 , α) ∈ Ob(u 1 /u 2 ) to pr 1 (j 1 , j 2 , α) = j 1 and pr 2 (j 1 , j 2 , α) = j 2 . They form a diagram (6.1)
where ε is a natural transformation defined by ε (j1,j2,α) = α. Condition (Der 4) can be stated as follows. 
(1) We have a functor F :
). This functor makes the following diagram commutative, and satisfies
(2) For any other functor F : I → (u 1 /u 2 ) and natural transformations
which make the diagram of natural transformations
commutative, there exists a unique natural transformation ξ : F ⇒ F which satisfies ξ 1 = pr 1 • ξ and ξ 2 = pr 2 • ξ. In fact, ξ is given by
If we replace Cat by S, this is equal to the universality of the 2-fibered product, as Remark 3.11 and Proposition 3.16 in [6] implies. In this sense, the following proposition can be seen as an analog of (Der4), for B.
Proposition 6.5. For any 2-fibered product
in S, we have the following natural isomorphisms.
(ii) (
Remark 6.6.
(1) Remark that, in general, the transposed diagram of (6.1)
is no longer of the form (6.1), because of the non-invertibility of 2-cells in Cat. However in our case in S, the transposed diagram of (6.3) is of course again a 2-fibered product, because of the symmetricity of its definition (remark that 2-cells in S are invertible). Thus we also have isomorphisms [7] , in the definition of a derivator, these natural isomorphisms are explicitly constructed by using adjointness. However in this article, we do not specify the construction of these isomorphisms, since we do not need it to obtain semi-Mackey functors in the later argument.
Proof. (Proof of Proposition 6.5.) (i) We may assume (6.3) is of the form obtained in Proposition 1.11. We shall show (
By the definition of SIm(
On the other hand, SIm(
⇐⇒ there exist g ∈ G and h ∈ H satisfying
It can be easily confirmed that the map
is a well-defined isomorphism in H set/Y . This gives a natural isomorphism (
(ii) This follows from the isomorphism
obtained in (i) (applied to the transposed diagram), and the following adjointness.
Let us show that these properties induce (semi-)Mackey functors on S, in the sense of [6] .
Definition 6.7. For any 0-cell
to be the set of isomorphism classes of objects in G set/X. Coproducts and products (= fibered products over X as G-sets) gives a structure of a commutative semi-ring on A( X G ). This is called the semi-Burnside ring. Define Ω( X G ) to be the additive completion (= Grothendieck ring)
. This is called the Burnside ring. Remark that the functors ( 
(2) For any pair of 0-cells
is a bijection. (3) For any 2-fibered product
o o Remark 6.9. As defined in [6] , a pair of strict 2-functors (S * , S * ) satisfying the condition (1), (2) , (3) Definition 7.1. Let G be a fixed finite group. For a morphism f ∈ G set (X, Y ) and an object (A, a) ∈ Ob( G set /X), take
Then the unit of the adjoint (A, a) ). Thus we obtain a commutative diagram in G set
whose outer square is a fibered product. Explicitly, the map ρ is given by
A diagram in G set isomorphic to (7.1) arising from some f and a, is called an exponential diagram.
(i) (T * , T + ) and (T * , T • ) are semi-Mackey functors on G. In particular we have
for any X ∈ Ob( G set). We write this simply as T (X).
(ii) For any exponential diagram
in G set , the following diagram becomes commutative.
If T is a semi-Tambara functor, then T (X) has a canonically induced structure of a commutative semi-ring ( [8] ). For any G-map f , each T * (f ), T + (f ), T • (f ) becomes semi-ring homomorphism, additive homomorphism, and multiplicative homomorphism, respectively.
A semi-Tambara functor T is called a Tambara functor if T (X) is a ring for any X ∈ Ob( G set ). This is equivalent to require (T * , T + ) to be Mackey functor on G.
Example 7.3. For any fixed G, semi-Burnside rings form a semi-Tambara functor A on G, which assigns
as in [8] . Similarly, Burnside rings form a Tambara functor on G.
We consider their analogs on S.
Then the unit of the adjoint (
Together with Proposition 2.4, we obtain a commutative diagram in S
whose outer square is a 2-fibered product. In this article, we call (7.2) the partial exponential diagram in S, associated to α θ and a. The term partial means that, contrary to the case of G set, 1-cells a G appearing in (7.2) is restricted to equivariant ones.
Remark 7.5. Let us look at the construction of (7.2) more in detail.
-Put X = SIm( By using the definition of A θ ⊆ A, we can confirm that a 0 = ga ∈ A θ does not depend on choices of η, a, g satisfying (7.4), (7.5) . In fact, a 0 is uniquely determined by the equalities (7.6) [e, a 0 ] = σ([e, x]) and a(a 0 ) = x.
Thus the assignment ζ ′ (x, (y, σ)) = a 0 gives a well-defined map
which is shown to be G-equivariant, by using the characterizing equality (7.6).
We (ii) For any partial exponential diagram (7.2), the following diagram becomes commutative.
Ω(
Proof. This follows immediately from Remark 6.9, Proposition 7.6, 7.10 and 7.11.
